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1. INTRODUCTION
 < < 4Let D s z: z - 1 be the unit disk in the complex plane C and let
 < < 4D s z g C: z - r denote the disk with center 0 and radius r. A func-r
tion f , analytic in D, is called a Bloch function if
2< <sup 1 y z f 9 z - ` . .
zg D
 w x.cf. 2 . The class of Bloch functions is denoted by B.
Let G be a Fuchsian group of Mobius transformations acting on D. AÈ
function f , analytic in D, is called automorphic with respect to G if
f g z s f z , g g G , z g D , .  . .
and additive automorphic with respect to G if
f g z s f z q A , g g G , z g D , .  . . g






Copyright Q 1998 by Academic Press
All rights of reproduction in any form reserved.
AULASKARI AND CHEN16
In the 1960s, L. Bers stated the following conjecture:
Bers' Conjecture. Let f be an analytic additive automorphic function
with respect to G. If, for p G 2,
py2 p2< <I s 1 y z f 9 z dx dy - `, 1 .  . .HH
F
then f g B.
We note that Bers' conjecture was originally stated in a more general
w xform involving automorphic forms. In 1974, Pommerenke 17 disproved
Bers' conjecture by constructing a non-Bloch additive automorphic
<  . < 2function f such that HH f 9 z dx dy - `. Then, in 1977, Niebur andF
w xSheingorn 16 gave a sufficient and necessary condition for a Fuchsian
 .group G such that for an additive automorphic function f condition 1
implies f g B. However, the situation is different if we restrict ourselves
 .to consider automorphic functions satisfying condition 1 . In fact, for
p ) 2, we suppose an automorphic function f satisfies a weaker condition
 .  .than 1 and prove that f is always a Bloch function Theorem 1 ; and we
 .  .prove that if p s 2, 1 implies that f is a Bloch function Theorem 3 .
Furthermore, we obtain upper bounds for
2< <M s sup 1 y z f 9 z 2 .  . .
zg D
 .  .in terms of the integral in 1 for both p ) 2 and p s 2 Theorems 1]3 .
 .Also we strengthen the result by proving that under condition 1 the
function f is not only a Bloch function but also a little Bloch function
 .Theorem 4 . An analytic automorphic function f with respect to a
Fuchsian group G is called a little Bloch function with respect to G if
2< <1 y z f 9 z ª 0, z ª ­ D , z g F , . .
where F is a fundamental polygon of G. As far as we know, automorphic
 .functions satisfying 1 have not been studied earlier in the literature.
Additionally, at the end of our paper we consider analytic mean p-valent
functions omitting 0 in D. In the case of univalent functions f without
w xzeros, Baernstein 7 proved that g s log f g BMOA. For mean p-valent
functions f without zeros, we prove that g s log f g B. An analytic
 .function w s f z in D is called mean p-valent if
1
n w , f du d¨ F p , .HH2p R < <w FR
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 .  .where n w, f denotes the number counting multiplicity of zeros of the
 .equation f z y w s 0 in D, w s u q i¨ , and p is a positive number. In
fact, we give an upper bound for
f 9 z .2 2< < < <M s sup 1 y z g 9 z s sup 1 y z 3 .  . .  .g f z .zg D zg D
in terms of the parameter p, if f is mean p-valent and omits 0 in D.
In the proofs of our results we need some known theorems and their
corollaries. The following is a criterion for non-Bloch functions by Minda
w x w x15 and Aulaskari and Lappan 5 .
THEOREM MAL. A function f , analytic in D, is not a Bloch function if
 4and only if there exist a sequence z ; D and a sequence of positi¨ e numbersn
 4  < < 2 .  .  .  .r such that r r 1 y z ª 0 and g t s f z q r t y f z con-n n n n n n n
 .¨erges to a nonconstant analytic function g t locally uniformly in C.
w xHayman 10 proved a covering property of meromorphic functions in
D, which is stated as follows.
 . 2THEOREM H. Let f z s a q a z q a z q ??? be a function mero-0 1 2
morphic in D and let E denote the set of all positi¨ e numbers r such that the
 < < 4  .circle w g C: w s r meets C _ f D . Then
dr
a F 4.H1 2
E a q r .0
From the above theorem we obtain the following consequence, which
plays a fundamental role in the proof of Theorem 1.
 .COROLLARY. Let f z and E be defined as in Theorem H and let
 .G s 0, 1 _ E. If a s 0, then0
2a1
2p r dr G p .H  /4 q aG 1
 .Proof. Suppose that G consists of intervals l , l , . . . , where l s 0, d .1 2 1
The value A s 2p H r dr denotes the total area of the annuli w g C:G
< < 4w g l , i s 1, 2, . . . . Given e ) 0, choose l , l , . . . , l such thati 1 2 n
dr 1




E9 s 0, 1 _ l . . D i
is1
Thus, by Theorem H,
dr 4
- q e . 4 .H 2 arE9 1
Moving the finite number of intervals, l , l , . . . , l to the left to form a1 2 n
 .single interval 0, r 9 so that they lie one after another without gaps or
overlaps, we have
n
r 92p r 9 s 2p r dr F 2p r dr F A , 5 .H H
0 l iis1
since the integral H r dr decreases as l is moved to the left. On the otherl ii
hand, E9 is moved to the right when we move the l to the left, soi
dr dr 11
G s y 1,H H2 2 r 9r rE9 r 9
since H ry2 dr decreases when each of its intervals is moved to the right.E9
 .  .Combining 4 , 5 , and the above inequality, we obtain
21
2A G p r 9 ) p . /4r a q 1 q e1
Since e may be arbitrarily small, we have
2a1
A G p . /4 q a1
The lemma is proved.
 w x.The following fact is well known cf. 12, 1 .
 .  .THEOREM LA. If f is an analytic function in D with f 9 0 s 1, then f D
co¨ers a disk of radius at least 1r2.
We will make use of an obvious consequence of the above theorem.
COROLLARY. For an analytic function f in D , we ha¨er
y1 y1r2 1r2f 9 0 F 2 r p A , .
 .where A is the area of f D without consideration of multiplicity.r
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2. RESULTS AND PROOFS
THEOREM 1. Let p ) 2, let f be a function analytic in D and automor-
phic with respect to a Fuchsian group G and let F be a fundamental polygon
for G. If
py2 p2< <I s sup 1 y z f 9 z dx dy - `, 6 .  . .HH
w9gC Fw9
 <  . < 4where F s z g F: f z y w9 - R and R is a fixed positi¨ e number, thenw 9
f g B. Furthermore, we ha¨e
M F max 17I 1r p , 21Ry2r py2.I 1r py2. , 7 .  .
 .where M is defined by 2 .
 .Proof. By 7 we can conclude that f is a Bloch function. However, first
we give an independent proof. The proof follows Chen and Gauthier's idea
 w x.cf. 8, Theorem 1 . Suppose that f f B. Then, by Theorem MAL, there
 4  < < 2 .  . exist z ; D, r ) 0 such that r r 1 y z ª 0, and g t s f z qn n n n n n
.  .  .  .r t y f z ª g t uniformly in compact parts of C, where g z is an n
nonconstant analytic function in C. Now g assumes every complex value
 < < 4with one possible exception. Let us next denote D s w g C: w - R .R
 .Then there exists R9 ) 0 such that g D l D has an area, withoutn R9 R
consideration of multiplicity, greater than a positive constant c for suffi-
 .  .ciently large n. Set z s f t s z q r t and V s f D . Let E ; Vn n n n n R9 n n
 .  .be a measurable set such that f z y f z g D for z g E , points in En R n n
 .  .are not G-equivalent, and for every point z g V with f z y f z g Dn n R
 .  .  .there is a G-equivalent j g E . Since f z s f z y f z is automorphic,n n n
 .  .  .g D l D s f V l D s f E andn R9 R n n R n n
2 2Xf z dx dy s f 9 z dx dy ) c. .  .HH HHn
E En n
Let EX ; F be a measurable set G-equivalent to E . Then EX ; F sn n n f  z .n
 <  .  . < 4z g F: f z y f z - R and, since f is automorphic,n




py2 p2< <I G 1 y z f 9 z dx dy . .HH
Ff  z .n
py2 p2< <G 1 y z f 9 z dx dy . .HH
XEn
py2 p2< <s 1 y z f 9 z dx dy . .HH
En
1ypr2 pr2
y2 22< <G 1 y z dx dy f 9 z dx dy . .HH HH / /
E En n
1ypr2pr2G c m E , . .H n
 .where m E is the non-Euclidean area of E , which tends to zero sinceH n n
 < < 2 .   ..1ypr2  .r r 1 y z ª 0. But then m E ª `, and this contradicts 6 .n n H n
Thus f is a Bloch function.
To prove the second half of Theorem 1, we assume that R s 1 first. It
suffices to prove
1r p 1r py2.f 9 0 - max 17I , 21 I . 7 9 .  .  .
 .In fact, for any z9 g D, applying the above result to the function f z s
 .  ..f z q z9 r 1 q z9z , we can obtain
2 1r p 1r py2.1 y z9 f 9 z9 s f9 0 F max 17I , 21 I . .  .  . .
 .Without loss of generality, we assume that f 0 s 0. Let a 9 ) 0 be the
solution of the equation
1y2rp4p p
2r pI s , 8 .2 / 23a 9
 .  .and let a s max a 9, 2 . Let E ; D be a measurable set such that i for1r a
 .  .z g E, f z lies in the unit disk D in the w-plane, ii no points in E are
 .  .G-equivalent, and iii for every point z in D such that f z g D, there1r a
is a point z g E G-equivalent to z. There is a measurable set E9 ; F
 .  . which is G-equivalent to E. Then f D l D s f E , E9 ; F s z g1r a 0
 . 4F: f z g D , and
py2 py2p p2 2< < < <1 y z f 9 z dx dy s 1 y z f 9 z dx dy , .  . .  .HH HH
E9 E
since f is automorphic.
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 . pr2Note that a 9 G 2 if and only if I G 3r2 pr3. If a 9 G 2, then
 .  . 1r2pr2 r py22 4p
1r py2.a s a 9 s I . 9 . /  /p 3
 .Let A9 denote the area of f E without consideration of multiplicity. By
 .  .Holder's inequality for non-Euclidean area measure, noting 9 and 8 , weÈ
have
2
A9 F f 9 z dx dy .HH
E
2rp 1y2rp
py2 y2p2 2< < < <F 1 y z f 9 z dx dy 1 y z dx dy . .  .HH HH /  /
E E
1y2rp2rp
py2 y2p2 2< < < <F 1 y z f 9 z dx dy 1 y z dx dy . .  .HH HH /  /
E9 D1r a
1y2rp 1y2rp4p 4p p
2r p 2r pF I s I s . 10 .2 2 /  / 23a 3a 9
 .If a 9 - 2, then a s 2 and, since 8 has a solution a 9 - 2, the left-hand
 .side of 8 will be less than pr2 when a 9 is replaced by a s 2. Thus, in
this case,
1y2rp 1y2rp4p p p
2r p 2r pA9 F I s I - . 11 .2  / / 3 23a
 .  .Set g z s f zra for z g D. Let G denote the set of all positive
 < < 4numbers r - 1 such that the circle w g D: w s r is contained in
 .  .  < < 4g D s f D completely. Let H s w g D: w g G and let A be the1r a
Euclidean area of H. Then, applying the corollary of Theorem H to the
 .function g z , we see that
2 2
g 9 0 f 9 0 .  .
A s 2p r dr G p s p .H  /  /4 q g 9 0 4a q f 9 0 .  .G
 .  .Since H ; f D l D s f E , we have1r a
2
f 9 0 .
A9 G A G p . 12 . /4a q f 9 0 .
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 . pr2  .  .If I G 3r2 pr3, then a 9 G 2 and, from 10 and 12 ,
2
f 9 0 p .
p F . 13 . /4a q f 9 0 2 .
 .  .It follows from 13 and 9 that
4a
f 9 0 F - 10a . ’2 y 1
 .  . 1r2pr2 r py22 4p
1r py2. 1r py2.F 10 I - 21 I . /  /p 3
 . pr2  .  .In the case that I - 3r2 pr3, we have a s 2 and, from 11 and 12 ,
2 1y2rpf 9 0 p .
2r pp F I . / /8 q f 9 0 3 .
It follows that
8a
f 9 0 F , .
1 y a
y1r2 y1r p 1r p ’ .where a s 3 3rp I - 1r 2 . Thus
1r2 1rp1 3
1r p 1r p’f 9 0 F 20 2 I - 17I . .  /  /3 p
 .  .This proves 7 9, and 7 is proved for R s 1.
 .  .Generally, we may consider the function h z s f z rR. Set
py2 p2< <I s sup 1 y z h9 z dx dy , . .HH1
w9gC Fw9
2< <M s sup 1 y z h9 z . . .1
zg D
 <  . < 4  <  . < 4Note that F s z g F: f z y w9 - R s z g F: h z y w9rR - 1 .w 9
From the conclusion we have proved, it follows that
M F max 17I 1r p , 21 I 1r py2. . .1 1 1
p  .Noting I s IrR and M s MrR, we obtain 7 . The theorem is proved.1 1
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 .EXAMPLE 1. Let f z s nz with a positive integer n. Here the
 4  . Fuchsian group G s id and F s D. Then f 9 z s n and F s z g D:w 9
< < 4z y w9rn - 1rn . Thus
py2 p2< <I s sup 1 y z f 9 z dx dy . .HH
w9gC Fw9
py22p < <s sup n 1 y z dx dy .HH
w9gC Fw9
py2 1rn py22p p 2< <s n 1 y z dx dy s 2p n r 1 y r dr . .HH H
0< <z -1rn
py1pp n 1
py2s 1 y 1 y f p n as n ª `.2 / /p y 1 n
 .On the other hand, f 9 0 s n for n s 1, 2, . . . . This shows that the power
1r py2.  .  .I in 7 is best. Considering the functions f z s zrn with positive
integers n, we have
1 p 1py22< <I s 1 y z dx dy s .HHp pn p y 1 nD
 . 1r pand f 9 0 s 1rn for n s 1, 2, . . . . This shows that the power I is also
best.
Now we assume that for a function f , analytic in D and automorphic
 .with respect to G, condition 1 is satisfied for some p ) 2. Then we may
 .  . 1r puse 7 for any R ) 0 and, letting R ª ` in 7 , conclude that M F 17I .
 .  .Here I and M are defined by 1 and 2 , respectively. Further we can
replace the constant 17 by a much smaller one, if we give an independent
proof by using the corollary of Theorem LA.
THEOREM 2. Let p ) 2, let f be a function analytic in D and automor-
phic with respect to a Fuchsian group G, and let F be a fundamental polygon
 .for G. If condition 1 is satisfied, then f g B and
1r p’2 p
1r pM F C I , C s , 14 .p p 1r2y1rp1r pp 1r2 y 1rp .
 .  .where I and M are defined by 1 and 2 , respecti¨ ely.
’Proof. Let r s 2rp and let E ; D be a measurable set such that nor
points in E are G-equivalent and, for every point z in D , there is a pointr
z g E G-equivalent to z. There is a measurable set E9 ; F which is
 .  .G-equivalent to E. We have f D s f E .r
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 .Let A denote the area of f E without consideration of multiplicity. By
 .  .Holder's inequality for non-Euclidean area measure, noting 9 and 8 , weÈ
have
2
A F f 9 z dx dy .HH
E
2rp 1y2rp
py2 y2p2 2< < < <F 1 y z f 9 z dx dy 1 y z dx dy . .  .HH HH /  /
E E
1y2rp2rp
py2 y2p2 2< < < <F 1 y z f 9 z dx dy 1 y z dx dy . .  .HH HH /  /
E9 Dr
1y2rpp
2r pF I . /pr2 y 1
 .Applying the corollary of Theorem LA to the function f z for z g D , wer
have
1r p’2 p
y1 y1r2 1r2 1r pf 9 0 F 2 r p A F I . . 1r2y1rp1r pp 1r2 y 1rp .
 .  . For any point z9 g D, considering the function f z s f z q z9 r 1 q
..z9z , we obtain
1r p’2 p2 1r p1 y z9 f 9 z9 s f9 0 F I . .  . . 1r2y1rp1r pp 1r2 y 1rp .
This proves the theorem.
’Note that C ª 2r p f 1.13 as p ª 2, C ª 2 as p ª `, and Cp p p
 .’attains its maximum 2 1 q 1rp f 2.3 at p s 2 1 q p f 8.3.
EXAMPLE 2. Although we have proved Theorem 2, Theorem 1 is still
 .significant. To show this, we verify that the function f z s log z, defined
  4 4  .in the upper half-plane U s z g C: y s Im z ) 0 , satisfies 6 but does
 .not satisfy 1 . Recall that the Poincare metric of the upper half-plane U isÂ
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< <  .  4dz r 2 y . Here the group G is id and F s U. We have
y py2ppy2 py2I s 2 y f 9 z dx dy s 2 dx dy .  .HH HH p< <zU U
p ` dr
py2 py2s 2 sin u du s `,H H r0 0
 .so 1 is not satisfied by the function log z. However,
ppy2I s sup 2 y f 9 z dx dy .  .HH
w9gC Fw9
py22 y .
F sup dx dyHH p< <zz9gU < < < < < <z 9 re- z -e z 9
p drer 9py2 py2s sup 2 sin u duH H 5r0 r 9rer 9)0
p
py1 py2s 2 sin u du - `.H
0
 .This shows that f satisfies 6 .
The conclusion of Theorem 1 is not true for p s 2 any more. We can
 .  .take any univalent non-Bloch function, for example, f z s 1r 1 y z .
 4  .Note that here the Fuchsian group G s id . For this function condition 6
is trivially satisfied. However, Theorem 2 is still true for p s 2. In fact,
 .condition 1 means that f belongs to the classical Dirichlet space
 . w x  w x.  .AD DrG . Metzger 14 cf. also 11 has proved that AD DrG ;
 .  .BMOA DrG and BMOA DrG ; BMOA. It is well known that
 .BMOA ; B. This shows that 1 implies f g B. Now we formulate
Theorem 2 for p s 2 and show that C s 2py1r2.2
THEOREM 3. Let f be a function analytic in D and automorphic with
respect to a Fuchsian group G and let F be a fundamental polygon for G. If
 .condition 1 is satisfied for p s 2, that is,
2
I s f 9 z dx dy - `, 15 .  .HH
F
then f g B and
M F 2py1r2I 1r2 . 16 .
 .Here M is defined by 2 .
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 .Proof. As indicated above, 15 implies that f is a Bloch function. We
 .  .know that I denotes the area of f F , counting multiplicity, and f F s
 .  .f D since f is automorphic. So, the area of f D is less than or equal to
 .I. Applying the corollary of Theorem LA to the function f z , we have
y1r2 1r2<  . <  .  .  ..f 9 0 F 2p I . For any z9 g D, define f z s f z q z9 r 1 q z9z .
 .  < < 2 .  .  .  .We have f9 0 s 1 y z9 f 9 z9 and f D s f D . Applying the same
 . <  . y1r2 1r2corollary to the function f z , we obtain f9 0 F- 2p I . This
 .proves 16 and the theorem is proved.
Using the definition, given in Section 1, of little Bloch functions with
respect to a Fuchsian group, under the assumptions of Theorems 2 and 3,
we can sharpen the conclusion so that f is a little Bloch function.
THEOREM 4. Let f be an analytic automorphic function with respect to G.
 .If , for p G 2, condition 1 is satisfied, then f is a little Bloch function with
respect to G.
w xProof. If p s 2, the conclusion can be found in 3 . Now we give a
proof for both p ) 2 and p s 2.
We may assume that F is not relatively compact with respect to D. Fix
a small positive number e . There exists a number r such that 0 - r - 11 1
and
py2 p2< <1 y z f 9 z dx dy - e . . .HH
F_Dr1
 .  .Let r be the number such that r - r - 1 and d r , r s 1. Here d ?, ?2 1 2 1 2
denotes the non-Euclidean distance. There is a number r with the3
property that no point in F _ D is G-equivalent to a point in D .r r3 2
 .   . 4For a point z9 g F _ D , set V z9 s z g D: d z, z9 - 1 . It is easy tor3
 .find a measurable set E ; V z9 such that no points in E are G-equivalent
 .and such that for each point z g V z9 there is a point z g E G-
  ..  .equivalent to z. We have f V z9 s f E since f is automorphic. Let E9
be the subset of F G-equivalent to E. We claim that E9 ; F _ D . Tor1
 .  .  .show this, let z0 g V z9 , z 9 s g z9 , and z 0 s g z0 g E9, where g g G.
We see that z 9 lies outside of D because of the property of r . Thus z 0r 32
 .  .  .lies outside of D , since d z 9, z 0 s d z9, z0 - 1 while d r , r s 1.r 1 21
  ..  .Denoting by A the area of f V z9 s f E without consideration of
multiplicity, we have, by Holder's inequality with respect to the measureÈ
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 < < 2 .y21 y z dx dy,
2
A F f 9 z dx dy .HH
E
dx dy22< <s 1 y z f 9 z . .HH  . 22< <E 1 y z .
2rp 1y2rp
dx dy dx dyp2< <F 1 y z f 9 z . .HH HH . 2 22 2 /  /< < < <E E1 y z 1 y z .  .
2rp 1y2rp
dx dy dx dyp2< <s 1 y z f 9 z . .HH HH . 2 22 2 /  /< < < <E9 E1 y z 1 y z .  .
1y2rp2rp dx dypy2 p2< <F 1 y z f 9 z dx dy . .HH HH 2 / 2 /< < . 1 y zF_D V z 9  .r1
F e 2r pC1y2r p ,
where C is the non-Euclidean area of a disk of non-Euclidean radius 1.
Now let l be a Mobius transformation of D onto itself such thatÈ
 .  .l 0 s z9. Then l maps a disk D onto V z9 , where r is the absoluter
 .constant such that d 0, r s 1. Applying the corollary of Theorem LA to
 .   ..  .   ..the function g z s f l z for z g D and noting that g D s f V z9r r
<  . <  < < 2 . <  . <and g 9 0 s 1 y z9 f 9 z9 , we obtain
2 y1 y1r2 1r2 y1r2 1r p 1r2y1r p1 y z9 f 9 z9 F 2 r p A F 2p e C . . .
Since e may be arbitrarily small, the proof of the theorem is complete.
For the above results, the corresponding meromorphic case has been
 .studied by some authors, where instead of the derivative f 9 z the spheri-
a . <  . <  <  .2 <.cal derivative f z s f 9 z r 1 q f z was considered. For p ) 2,
w x  .Chen and Gauthier 8 replaced condition 6 by
py2 p2 a< <I s 1 y z f z dx dy -`, . .  .HH
Fd
where f is a function meromorphic in D and automorphic with respect to
  . 4a Fuchsian group G, F s z g F: f z g K , F is a fundamental polygond d
for G, and K is a spherical disk whose angular radius measured from thed
center of the sphere is d . Then they proved that under this assumption the
AULASKARI AND CHEN28
 w x.meromorphic function f is normal cf. 13 and
1 1
1r p 1r py2.M F C 1 q max I , I q , .d 2 / RR
where
< < 2 aM s sup 1 y z f z , . .
zg D
 .C is a constant depending on d only, and R s tan dr2 . If F is re-d d
placed by F, then the result, which states an upper bound M F
 1r p 1r py2.. w x3 max I , I for the number M defined above, appears in 4 . We
 .find that the bound is not as simple as 14 in Theorem 2 and the term
I 1r py2. cannot be ignored in the meromorphic case. As to Theorem 4, a
w xcorresponding result was proved in 9 . Some corresponding results for
w xnormal harmonic functions have been carried out in 6, 8, 9 .
Unfortunately, there is no analogue to Theorem 3 in the meromorphic
 .case as the example f z s nz, n s 1, 2, . . . , shows. However, conditionn
 . a . <  . <  w x.15 with f z replacing f 9 z does imply the normality of f cf. 18 .
Also, if we assume that f is an analytic function without zeros, then it was
w xproved in 8 that
M F C max I 1r2 , I , .
where M is defined above and
2aI s f z dx dy. . .HH
D
w xTo conclude this paper, in connection with a theorem of Baernstein 7
about univalent functions without zeros, we give a result for mean p-valent
functions.
THEOREM 5. Let f be an analytic function without zeros in D. If f is mean
p-¨ alent, then g s log f g B and
M F max 2 e1r2 p1r2 , 8ep , 17 . .g
 .where M is defined by 3 .g
<  . <  1r2 1r2 .  .Proof. We prove g 9 0 F max 2 e p , 8ep first, and then 17 fol-
 .  .  ..lows from considering f z s f z q z9 r 1 q z9z for any z9 g D. Write
 .v s g z . There are two different cases to be discussed.
 . <  . <1 g 9 0 F 1r2: Then, by Theorem LA, there is a disk V s
 <  . < 4  . <  . <v g C: v y s q it F r ; g D with r s g 9 0 r2 - 1r4. Let G s
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y1 .g V . We have
2
f 9 z .22pr F g 9 z dx dy s dx dy .HH HH 2
f z .G G
22 ry2 sF e f 9 z dx dy .HH
G
F e2 ry2 s n w , f du d¨ .HH
sqr< <w Fe
F e2 ry2 s pp e2 sq2 r
s pp e4r ,
<  . <where w s u q i¨ . Since r s g 9 0 r2 and 4r - 1, it follows from the
<  . < 1r2 1r2above inequality that g 9 0 F 2 e p .
 . <  . <2 g 9 0 ) 1r2: In this case, let V be the same as above and
  4 4 y1 .define V9 s v g V: s y 1r4 - Re v - s q 1r4 and G s g V9 .
Since r ) 1r4, the area of V9 is not less than prr4. Thus
2
pr f 9 z .2F g 9 z dx dy s dx dy .HH HH 24 f z .G G
21r2y2 sF e f 9 z dx dy .HH
G
F e1r2y2 s n w , f du d¨ .HH
sq1r4< <w Fe
F e1r2y2 s pp e2 sq1r2
s pp e.
<  . <  .Consequently, g 9 0 F 8ep. This proves 17 for z s 0 and the theorem is
proved.
 .The following examples show that 17 is sharp in the sense that the
power p1r2 or p cannot be replaced by a power with larger or smaller
order, respectively. However, the constants preceding the powers are to be
improved. If for a positive integer p we assume f to be a p-valent function
without zeros, then it is easy to prove, by using Theorem LA, that
M F 4p p. One can show that M F 4 for a univalent function f withoutg g
zeros by a direct application of Koebe's 1r4-theorem.
 . nEXAMPLE 3. The function f z s z for positive integers n are mean
nr2-valent functions without zeros in the upper half-plane U s z g C:
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 4 4  .  .  .y s Im z ) 0 . We have g z s log f z s n log z and g 9 z s nrz. Note
< <  .that the Poincare metric of the upper half-plane U is dz r 2 y . ThusÂ
< <M s sup 2nyr z s 2n.g
zgU
 .  .1r nEXAMPLE 4. The function f z s 2 q z for positive integers n are
mean p -valent functions without zeros in D, where p is a positiven n
<  . < 1r n <  . <number depending on n only. We have 1 - f z - 3 and f 9 z - 1rn
for z g D, and
p2
f 9 z dx dy - . .HH 2nD
Thus
1
n w , f du d¨ s 0 for R F 1, .HH2p R < <w FR
1 1
n w , f du d¨ - for R ) 1. .HH2 2p R n< <w FR
2  .   ..It follows that p - 1rn . On the other hand, g z s log 2 q z rn andn
 .  .g 9 0 s 1r 2n .
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